Abstract. In this paper, we develop a novel energy-preserving wavelet collocation method for solving general multi-symplectic formulations of Hamiltonian PDEs. Based on the autocorrelation functions of Daubechies compactly supported scaling functions, the wavelet collocation method is conducted for spatial discretization. The obtained semi-discrete system is shown to be a finite-dimensional Hamiltonian system, which has an energy conservation law. Then, the average vector field method is used for time integration, which leads to an energy-preserving method for multi-symplectic Hamiltonian PDEs. The proposed method is illustrated by the nonlinear Schrödinger equation and the Camassa-Holm equation. Since differentiation matrix obtained by the wavelet collocation method is a cyclic matrix, we can apply Fast Fourier transform to solve equations in numerical calculation. Numerical experiments show the high accuracy, effectiveness and conservation properties of the proposed method.
Introduction
A numerical method which can preserve one or more physical/geometric properties of the system exactly is called geometric or structure-preserving integrators. As geometric integration has gained remarkable success in the numerical analysis of ODEs [1, 2] , it is believable to extend the idea of geometric integration to significant PDEs. Many conservative PDEs, for instance the sine-Gordon (SG) equation, the nonlinear Schrödinger (NLS) equation, the Korteweg-de Vries (KdV) equation, the Camassa-Holm (CH) equation, the Maxwell's equations and so on can be rewritten as multi-symplectic Hamiltonian system, which has the properties of multi-symplectic structure, energy and momentum conservation laws [3] [4] [5] . To inherit the multi-symplectic structure, many multisymplectic methods [6] [7] [8] [9] are developed in recent years. For more details in applications, please refer to review articles [10, 11] and references therein. Except the multi-symplectic conservation law, multi-symplectic Hamiltonian system also has the energy conservation law. The conservation of energy is a crucial property of mechanical systems and plays an important role in the study of properties of solutions [12, 13] . It is valuable to expect that energy-preserving discretizations for conservative PDEs will produce richer information on the discrete systems. Li and Vu-Quoc [14] gave a historical survey of energy-preserving methods for PDEs and their applications, especially to nonlinear stability. Energy-preserving methods [15] [16] [17] [18] [19] have successfully made many applications. However, these methods have an ad hoc character and are not completely systematic either in their derivation or in their applicability; in contrast, our method discussed here is completely systematic, applied to a huge class of conservation PDEs.
Recently, wavelet-based numerical methods become increasingly popular as they combine the advantages of both spectral method and finite difference method (FDM) [20] [21] [22] . Compared with spectral method, wavelet-based methods have good spatial localization and generate a sparse space differentiation matrix, and compared with FDM, wavelet-based methods have good spectral localization and higher order of accuracy. The wavelet-based algorithms can be roughly classified into two categories: wavelet-Galerkin and wavelet collocation. In [23] and [24] , Daubechies' compactly supported orthogonal wavelets and second-generation wavelets are proposed to combine with symplectic schemes to construct multiresolution symplectic solvers for wave propagation problems and the method is of wavelet-Galerkin type. However, it is very difficult to deal with nonlinear problems, as it needs the passage between wavelet coefficients and physical space. In order to overcome this difficulty, a wavelet collocation method is proposed in [25] , in which the autocorrelation functions of Daubechies compactly supported scaling functions are shown to have the merits of symmetry and nice interpolation properties, and so no extra computation is required for the passage between wavelet coefficients and physical space. Based on the autocorrelation functions of Daubechies compactly supported scaling functions, the symplectic wavelet collocation method and the multi-symplectic wavelet collocation method are developed for Hamiltonian PDEs with periodic boundary conditions in [26] and [27] , respectively, in which numerical experiments illustrate the remarkable behavior of the methods.
The average vector field (AVF) method is first written down in [28] and identified as energy-preserving and as a B-series method in [29] . For ordinary differential equatioṅ
the AVF method is the map y −→ y ′ defined by
where τ is the time step. The AVF method (1.2) is affine-covariant, self-adjoint, and of second order [30] . When f is Hamiltonian with respect to a constant symplectic structure, i.e., f = Ω −1 ∇H with Ω a nonsingular, skew-symmetric matrix, the AVF method preserves the Hamiltonian H. Note that the key of the AVF method is to integrate the integration of (1.2) exactly. As we know, the above integration can be integrated exactly when f is a polynomial. In [30] and [31] , authors apply high-order Runge-Kutta methods and collocation methods to approximate the integration of (1.2) and obtain energypreserving methods. By using the AVF method, Ref. [32] gave a class of systematic energy-preserving methods based on symplectic formulation of Hamiltonian PDEs. Basic idea of the methods is to first discretize PDEs with an uniform spatial-discretization resulting in a large system of Hamiltonian ODEs. Then, the resulting ODEs are integrated by the AVF method. Recently, we started from general multi-symplectic formulations of Hamiltonian PDEs and utilized the AVF method to construct a local energy-preserving method and a local momentum-preserving method [33] . The purpose of this paper is to construct a new class of systematic energy-preserving methods for multi-symplectic formulations of Hamiltonian PDEs. Based on the autocorrelation functions of Daubechies compactly supported scaling functions, the wavelet collocation method is conducted for spatial discretization of multi-symplectic PDEs. The semi-discrete system is shown to be a finite-dimensional Hamiltonian system, which has an energy conservation law. Then, the AVF method is used for time integration, which leads to an energy-preserving wavelet collocation method (EPWCM) for multisymplectic Hamiltonian PDEs. To our knowledge, it has not been reported that the wavelet collocation method is applied to construct energy-preserving schemes for the multi-symplectic PDEs. The proposed method is illustrated by the NLS equation and the CH equation. Since differentiation matrix obtained by the wavelet collocation method is a cyclic matrix [26, 34] , we can apply Fast Fourier transform (FFT) to solve equations in numerical calculation. Numerical experiments show the high accuracy, effectiveness and conservation properties of the proposed method. The proposed method can be used for general Hamiltonian PDEs. Thus, the SG equation, the NLS equation, the KdV equation, the CH equation, the Maxwell's equations and so on can be integrated by the proposed method.
The rest of this paper is organized as follows: in Section 2, multi-symplectic PDEs and autocorrelation functions are briefly introduced, then an EPWCM is developed for multi-symplectic PDEs. The proposed method is applied to derive energy-preserving algorithm for the NLS equation and the CH equation in Sections 3 and 4 respectively. To demonstrate the accuracy and capability of the method, numerical experiments for the NLS equation and the CH equation are reported in Sections 5 and 6 respectively. Conclusions are given in Section 7.
Energy-preserving wavelet collocation method for multi-symplectic PDEs
In this section, multi-symplectic PDEs and autocorrelation functions are briefly introduced, then a novel energy-preserving wavelet collocation method is developed for multisymplectic PDEs.
Multi-symplectic PDEs
A wide range of PDEs can be written as a multi-symplectic system
where M and K are two skew-symmetric matrices and S:R d →R is a scalar-valued smooth function. The above system has three local conservation laws [35, 36] , namely multisymplectic conservation law
local energy conservation law (LECL)
local momentum conservation law (LMCL)
where M + and K + satisfy
Note that the splitting of M and K is to deduce efficiently correct expressions of energy and momentum in physics. For periodic boundary conditions, the local conservation laws can be integrated in x-direction to obtain global conservation of energy and momentum.
Autocorrelation functions
A Daubechies scaling function φ(x) with M non-vanishing "filter coefficients"(in short, DM) satisfies the scaling relation:
where M is a positive even number and {h k } M−1 k=0 are non-vanishing "filter coefficients". Define the autocorrelation function θ(x) of φ(x) (in short, ADM) as
Suppose that V j is the linear span of {θ j,k (x) = 2 j/2 θ(2 j x−k),k ∈ Z}, then (V j ) j∈Z forms a multiresolution analysis where θ(x) plays the role of (nonorthonormal) scaling function.
The values of the function θ(x) and its derivatives at integer points can be obtained by solving an eigenvalue problem, see [20, 22] for more details. The function θ(x) has interpolation property:
An interpolation operator on V j (with the space step h = 2 −j ) can be defined as
Energy-preserving wavelet collocation method for multi-symplectic PDEs
Wavelet collocation method based on the autocorrelation function θ(x) is used for spatial discretization. The obtained semi-discrete system is shown to be a finite-dimensional Hamiltonian system, which has an energy conservation law. Then, the AVF method is employed for time integration, which leads to an energy-preserving method for multisymplectic Hamiltonian PDEs.
Wavelet collocation method for spatial discretization
In this section, wavelet collocation method is used for spatial discretization for the multisymplectic PDEs (2.1) with periodic boundary conditions. We use the autocorrelation function ADM in the framework of a collocation method. Consider the multi-symplectic PDEs (2.1) with the spatial domain being [x L ,x R ], where x L and x R are integers. We set z = (u 1 ,u 2 ,··· ,u d ) T and use the interpolation operator (2.8) to approximate u i (x,t) (i = 1,2,··· ,d). For a fixed scale J = constant, we approximate function u i (x,t) by an interpolation operator I J u i (x,t), which interpolates u i (x,t) at col- 
Applying the wavelet collocation method for spatial discretization of multi-symplectic system (2.1), we obtain (2.10) where
To obtain the equations for z l , the crucial step is to express the first-order spatial partial derivatives at collocation points x l in terms of the values z l . Making once differential with (2.9) and evaluating the resulting expressions at collocation points, we obtain
where
The properties of space differentiation matrix have already been analyzed in detail in [26] .
Here we note that B 1 is skew-symmetric. Combining (2.10) with the differentiation matrix B 1 , we obtain the wavelet collocation discretization for the multi-symplectic PDEs (2.1)
which is equivalent to the following compact form 14) where
Since B 1 and K are skew-symmetric, B 1 ⊗K is symmetric, the semi-discrete system (2.14) can be written as
The discrete total energy of multi-symplectic system (2.1) can be defined as
(2.16)
Remark 2.1. H(Z) can also be written as
which is corresponding to the discrete total energy of Eq. (2.3). 
Therefore, the total energy conservation law (2.18) holds.
Average vector field method for temporal discretization
Since matrix I N ⊗M is usually singular, the semi-discrete system (2.15) is algebraic differential equations, and it is also a gradient system. Therefore, the key of constructing energy-preserving method is to apply a discrete gradient method for the semi-discrete system (2.15). Here the AVF method, as a special discrete gradient method [28] , is employed for temporal discretization. We discretize (2.15) with the AVF method and obtain the energy-preserving wavelet collocation method (EPWCM) for the multi-symplectic PDEs (2.1)
Note that the integration of (2.19) can be integrated exactly when H is a polynomial. In practical application, the scheme (2.19) can be simplified by eliminating some values (see Section 3 and Section 4). 20 )
Theorem 2.2. The EPWCM (2.19) possesses the discrete total energy conservation law
Proof. Since I N ⊗M is antisymmetric, taking inner product with Z n+1 −Z n on both sides of (2.19), we have
Therefore, the discrete total energy conservation law (2.20) holds.
Remark 2.2.
Since differentiation matrix B 1 is a cyclic matrix [26, 34] , we have Remark 2.4. The discrete systems for the nonlinear Hamiltonian PDEs will be solved by using the simple fixed-point iteration method. For every iteration step, we need to solve linear equations Ax = b. Here A is a cyclic matrix, so we can apply FFT for solving the equations.
Energy-preserving wavelet collocation method for the NLS equation
The nonlinear Schrödinger equation
can be written in multi-symplectic form by letting ψ = p+iq and introducing a pair of conjugate momenta v = p x , w = q x [3] . Separating (3.1) into real and imaginary parts, we obtain the system
which is equivalent to the multi-symplectic form (2.1) for the NLS equation with
and Hamiltonian
The corresponding energy and momentum conservation laws are
and
Additionally, the NLS equation (3.1) also has local normal conservation law
Under periodic boundary conditions, the above local conservation laws can be integrated in x-direction, respectively, to obtain the total energy conservation law
total momentum conservation law
and total normal conservation law
Applying the EPWCM (2.19) for the multi-symplectic formulation (3.2) of the NLS equation, we obtain
Here τ is the time step,
By eliminating the values V and W, and using Ψ = P+iQ, the scheme (3.5) is equivalent to
The residual of LECL for the EPWCM (3.6) is
and the residual of LMCL is
Moreover, the discrete total energy is E n =h∑ 
Energy-preserving wavelet collocation method for the Camassa-Holm equation
The Camassa-Holm (CH) equation
is a model equation which represents the unidirectional propagation of shallow water waves over a flat bottom [37] . This equation is rich in geometric structures and is an infinite-dimensional completely integrable Hamiltonian system for a large class of initial data [38] . A great deal of numerical methods have been used to solve the CH equation. Finite difference scheme was proposed and proved to be convergent in [39, 40] . Pseudospectral scheme is used to investigate several aspects of the periodic traveling wave solutions of the CH equation in [38] and the convergence of a spectral projection of the periodic CH equation was given in [41] . A local discontinuous Galerkin method was developed for solving the CH equation in [42] . Recently, David Cohen proposes two new multi-symplectic formulations for the CH equation and make experiments for each formulation by Euler box scheme in [44] . Multi-symplectic wavelet collocation method was proposed for discretizing the CH equation in [27] . In this paper, we propose an energypreserving wavelet collocation method for the CH equation and simulate the smooth periodic wave and peaked wave solutions.
Eq. (4.1) can be rewritten in the form
which is equivalent to a multi-symplectic PDEs 
and total momentum conservation law
Additionally, the CH equation has a conserved quantity H 0 = udx.
We apply the wavelet collocation method to discretize the multi-symplectic formulation (4.3) of the CH equation in space and use the AVF method to integrate the semidiscrete system in time. The resulting scheme is
, etc. Making initial condition P 0 = B 1 U 0 , we have P n = B 1 U n . Eliminating the variables Φ,W,V,P, we can obtain the following EP-WCM for the CH equation (4.2)
Because the scheme (4.7) is a three level scheme, we need a two time levels scheme to give the initial datum for the second level values of the scheme (4.7). Since equation
3) contain no time derivatives, we can omit the operator A t in the corresponding equations to get more accurate discretizations in (4.6), namely
Then, we can obtain a two time levels scheme for (4.2)
The three discrete conserved quantities are
Numerical simulation for the NLS equation
For convenience, the EPWCM based on the autocorrelation function of Daubechies scaling function ADM is called EPWCM with ADM (abbr. EPWCM-ADM). To gain insight into the performance of the proposed EPWCM, the following numerical experiments for the NLS equation (3.1) with the constant a = 2 are performed. In each time step, the scheme (3.6) is computed by the following fixed-point iteration method
Taking the initial iteration vector Ψ n+1,(0) = Ψ n , we conduct the iterations until convergence, i.e., when the following criteria is satisfied
Here the discrete L 2 and L ∞ norms of complex-valued function ψ are defined as
It is noted that the linear equations (5.1) can be solved efficiently by the FFT algorithm. All the simulations are computed by a compiled code of MATLAB 7.1. Firstly, the problem is solved in [−50,50] till time t = 1 for accuracy test. The space and time accuracy of the EPWCM (3.6) with AD10 are tested. The L 2 and L ∞ errors and the numerical order of accuracy are given in Tables 1 and 2 . Notice that both errors decrease very quickly when the space grid number N becomes larger. As shown in Table  1 , the numerical orders measured by the L ∞ error are 1.8977, 7.3739, 9.2979 and 9.7572, which means that the error decays at an exponential rate with respect to the space grid number N. So does the L 2 error. The numerical results are satisfactory, but the error analysis needs to be considered in the future work. Note that in Table 2 , the spatial error (N = 1600) is negligible and the error is dominated by the time discretization error. Table 2 clearly indicates that the AVF method is of second-order in time. Table 3 shows the numerical errors and CPU time of the EPWCM with different ADM. The errors of the EPWCM decrease in an exponential rate in space for each ADM and the decreasing rate is increasing when M becomes larger. Therefore, the EPWCM has high accuracy in space. However, for a fixed grid number N, CPU times used by the EPWCM with different ADM are almost the same little, which is due to the FFT algorithm.
Second, to test the conservation properties of EPWCM, the problem is solved in [−30,220] till time t = 50 by using the EPWCM-AD10 with grid number N = 1000 and time step τ = 0.001. As can be seen from Fig. 1(a) , the motion of the soliton is simulated very well. The errors in global conservation laws are shown in Fig. 1(b)-(d) . If the scheme (3.6) is solved exactly, then the total energy is conserved exactly. The global energy is conserved up to the accuracy of the EPWCM, but the errors of the global energy look like to show linear decrease in Fig. 1(c) . The following numerical experiments also appear similar situations. So we suspect that it may be due to solve approximately the discrete nonlinear system by using the iterative method. The residuals in the local conservation laws are also plotted as a function of the spatial grid location and the time step in Fig. 1(e)-(f) . The errors are mainly concentrated around the moving front.
Example 5.2. In this example we consider the collision of double solitons of the NLS equation (3.1) with the initial condition [43] ψ(
For the purpose of numerical, we consider a multi-symplectic wavelet collocation method (MSWCM) [27] . The problem is solved in [−25,25] till time t = 50 by using the EPWCM-AD10 and MSWCM-AD10 with N =400 and τ =0.001. The numerical solutions of the two methods are the same, so we only show the numerical solutions obtained using the EPWCM. As shown in Fig. 2(a) , the double solitons collide at x=±25 and x=0. The shapes and velocities of the double solitons keep unchanged after collision. The numerical errors in the conserved quantities can be found in Fig. 2(b)-(d) . It is shown that the EPWCM conserves total energy exactly, while the MSWCM conserves total norm exactly. In this example, the total momentum of the EPWCM is conserved well as that of the MSWCM. These results show that the EPWCM is effective and has good conservation properties. solution is obtained by periodic extension of the initial function.
By taking a coordinate transform x = Lξ, the CH equation (4.2) is equivalent to
Then, the problem is solved till time t=100 by using the EPWCM-AD10 with grid number N =128 and time step τ =0.0004. As shown in Fig. 3 , the proposed method simulates the smooth periodic travelling wave very well. The L 2 and L ∞ errors at t = 100 are 1.0371× 10 −5 and 6.1010×10 −6 respectively. Fig. 4 shows that the invariants are conserved better than the MSWCM (see [27] ).
Example 6.2 (Peakon solution)
. In this example we consider periodic peaked travelling waves with the initial condition
where c is the wave speed, a is the period and x 0 is the position of the trough. Firstly, we present the wave propagation of the CH equation with parameters c = 1, a = 1 and x 0 = 0. The computational domain is [0,a]. Table 4 shows the numerical errors and CPU time of the EPWCM with different ADM. Compared with the Euler box scheme in [44] and the spectral method in [41] , the errors obtained by the EPWCM are smaller. As the MSWCM in [27] , the errors obtained by the EPWCM are the same order of magnitude, but CPU time here is less. Second, we solve the problem till time t = 50 by the EPWCM-AD30 with N = 256 and τ = 0.0001. The computed result is shown in Fig. 5 
The parameters are c 1 = 3, c 2 = 1,
The EPWCM-AD30 is used to simulate this interaction with N=1600 and τ=0.0001. As can be seen from afterwards both waves retain their original shapes and velocities. The errors of invariants are plotted in Fig. 9 . These results show that the EPWCM simulates the interaction of two peakons well. to simulate this interaction with N =1920 and τ =0.0001. As can be seen from Fig. 10 , the moving peak interaction is resolved very well. In addition, the results obtained here are similar with that obtained by a local discontinuous Galerkin method in [42] . The above numerical results for the CH equation demonstrate the EPWCM can simulate peakons very well and has good conservation properties.
Conclusions
In this paper, we develop a novel energy-preserving wavelet collocation method for solving general multi-symplectic formulations of Hamiltonian PDEs with periodic boundary conditions. We apply the proposed method to derive energy-preserving scheme for the NLS and CH equations. Since differentiation matrix obtained by the wavelet collocation method is a cyclic matrix, we can apply Fast Fourier transform to solve equations in numerical calculation. Numerical experiments confirm that the proposed method could conserve energy conservation law and have excellent performance in long time computing. The proposed method can be used for general Hamiltonian PDEs. Therefore, the sine-Gordon equation, the Maxwell's equations and so on can be integrated by the proposed method. For multi-symplectic Hamiltonian PDEs, the semi-discrete system obtained by discretizing first-order differential operator ∂ x with antisymmetric differential matrix is a large system of Hamiltonian ODEs, which has an energy conservation law. Many methods can be used for spatial discretization, for example Fourier pseudospectral method, wavelet collocation method and compact finite difference method. In this paper, the key of constructing energy-preserving method is to apply a discrete gradient method for the gradient system (2.15). In fact, often the system (2.15) can be written as a energy systeṁ y = S∇H(y) (S is antisymmetric) by eliminating some values. Therefore, one can replace the average vector field method by higher-order energy-preserving B-series method [29] , while retaining energy conservation law. It will be considered in the future work.
